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ABSTRACT  
In this paper, the commutativity of quotient Γ-ring has been proved. In this article by applying some 
algebraic technique (i) [D1(x1), D2(y1)]α – [x1, y1]α ∈P1 (ii) (D1(x1)o D2(y1))α-(x1 oy1)α∈ P1 (iii) [D1(x1), 

D2(y1)]α-(x1 oy1)α∈P1 (iv) (D1(x1)o D2(y1))α- [x1, y1]α∈P1 ,for all x1, y1∈M, and α∈Γ. Where M be an arbitrary 
Γ-ring and P1 be a prime ideal. Mainly, the relation between the behavior of Γ-derivation and the 
structure of this class of Γ-ring has been established.  
 
Keyword- Integral Domain, Prime ideals, Γ-ring  

 
1. Introduction: 

The idea of Γ-ring presented by Nobusawa  [21]. Γ-ring is the general form of ring. Γ-
ring was investigated by Ozturk, Breaser, Vukman, Havala, Kyuno and Barnes et al 
studied the structure of  Γ-rings and found some generalization comparable results of 
ring theory [6, 7, 8, 9, 10, 16, 25, 26, 27, 28, 29]. After that many researchers 
established manuy outstanding results by using the idea of derivation [1, 3, 4, 5, 12, 
13, 14, 15, 30]. If M={x1, x2,x3, …} and Γ={α, ξ, ζ, …} are additive abelian groups, and 
there exists a mapping (x1, α, x2) of M x Γ x M → M which satisfies the following 
conditions, (i) (x1, ξ, x2) is an element of M x Γ x M. 

(ii) (x1+x2) ξx3= x1ξx3+ x2ξx3, x1(ξ+ζ)x2= x1ξx2+ x1ζx2, x1ξ(x2+x3)=x1ξx2+x1ξx3. 

(iii) (x1ξx2)ζx3= x1ξ(x2ζx3), then M is called a Γ-ring. 

Every ring is a Γ-ring but converse need not be a ring. A Γ-ring is known as Γ-prime 

ring if x1ΓMΓx2=0 this implies x1=0 or x2=0, for all x1, x2 ∈ M. If M is said to be 2-torsion 
free Γ-prime ring if 2x=0 this implies x=0 for all x ∈ M. Moreover an ideal P1 of M is 
said to be prime P1 ≠ M, and for all x1, x2 ∈ M, x1Γx2⊆ P1, implies that x1 ∈ P1 or x2 ∈ 

P1. We shall write [x1, x2]α= x1αx2-x2αx1, for all x1, x2 ∈ M and α ∈ Γ. We shall make use 
of the basic commutator identities [x1αx2, x3]α=[x1, x2]βαx3+x2[α, β]x1 x3+x2α[x1, x3]β, for 

all x1, x2, x3 ∈ M. In modern era a number of scholars have got commutativity of prime 
and semi-prime rings admitting suitably constrained additive mappings as 
automorphism Γ- derivations and generalized derivation acting on appropriate subsets 
of the rings. First of all we recall that for a subset P1 of M, a mapping f: P1 →M is called 

centralizing if [f(x1), x1]α ∈ Z(M), for all x1 ∈ P1, and α ∈ Γ in some case where [f(x1), 
x1]α=0, for all x1 ∈ P1, and α ∈ Γ, then f is said to be commutative. In some past years 
many researchers purified amplified above mentioned in different directions, Recall 
that a mapping f: M → M is said to be commutative if [f(x1), f(x2)]α=0, whenever [x1, 

x2]α=0, for all x1, x2 ∈ M. The notion of derivation on Γ-rings where defined by Sapanci 
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and Nakajima in [23]. An additive mapping D: M→M, is called derivation on M if 

D(x1αx2)=D(x1)αx2+x1αD(x2) holds for all x1, x2 ∈ M and α ∈ Γ. 

Lemma 1.1: Let M be a Γ-prime ring, P1 a prime ideal D1 and D2 derivations of M. 

Then D1(x)αx-xαD2(x) ∈ P1, If and only if D1(M)⊆ P1 and D2(M)⊆P1 or M/P1 is a 
commutative integral domain. 

2 Main Results:  

Theorem 2.1: Let R1 be a Γ-ring P1 a prime ideal D1, D2 derivations of M. Then  

[D1(x1), D2(y1)]α –[x1, y1]α ∈ P1, for all x1, y1 ∈ M if and only if M/P1 is a commutative 
integral domain. 

Proof: Assert that, 

[D1(x1), D2(y1)]α –[x1, y1]α ∈ P1, for all x1, y1 ∈ M and α ∈  Γ (1.1) 

Put y1=y1αr, we get,  

[D1(x1), D2(y1)αr]α +[D1 (x1), y1αD2(r)]α – y1α[x1, r]α- [x1, y1]ααr∈ P1, for all x1, y1 ∈ M and 

α ∈ Γ.          (1.2) 

This implies, 

[D1(x1), D2(y1)]α αr +D2(Y1)α[D1 (x1), r]α + [D1(x1), y1]ααD2(r)+ y1α[D1 (x1),D2(r)]α- y1α[x1, 

r]α –[x1, y1]α αr∈ P1, for all x1, y1 ∈ M and α ∈ Γ.                                                                                                                                                                 
(1.3) 

Using (1.1) we have, 

D2(y1)α[D1(x1), r]α+ [D1(x1), y1]ααD2(r) ∈ P1, for all x1, y1 ∈ M and α ∈ Γ.                                                    
(1.4) 

Writing D1(x1) instead of r we obtain, 

D2(D1(x1))α[D1(x1), r]α ∈ P1, for all x1, y1 ∈ M and α ∈ Γ.                                                                                
(1.5) 

Replacing D2(r) instead of r we obtain, 

D2(D1(x1))α[D1(x1), D2(r)]α ∈ P1, for all x1, y1 ∈ M and α ∈ Γ.                                                                         
(1.6) 

This gives, 

D2(D1(x1))α[x1, r]α ∈ P1, for all x1, y1 ∈ M and α ∈ Γ.                                                                                        
(1.7) 

We have, 

D2(D1(x1))Γ[x1, r]α ⊆ P1, for all x1, y1 ∈ M and α ∈ Γ.                                                                                        
(1.8) 

As P1 is a Γ-prime ideal then either [x1, r]α ∈ P1 or D2(D1(x1)) ∈ P1, for all x1, y1 ∈ R1 
and α ∈ Γ, this gives that M=R1⋃R2, where R1={x1 ∈ M/[x1, y1]α ∈ P1 for all y1 ∈ M} and 
R2={x1 ∈ M/ D2(D1(x1)) ∈ P1}, since a group cannot a subgroups then M=R1 or M=R2. 

If M=R1, then clearly M/P1 is commutative. If M=R2, then D2(D1(M)) ⊆ P1; using the 



Jilin Daxue Xuebao (Gongxueban)/Journal of Jilin University (Engineering and Technology Edition) 

ISSN：1671-5497 

E-Publication：Online Open Access 

Vol: 41 Issue: 04-2022 
DOI 10.17605/OSF.IO/S3JVR 
 
 

April 2022 | 309  

 

hypothesis with y1=D1(y1)  one can see that [x1, D1(y1)]α ∈ P1, and therefore writing 
D2(x1) instead of x1 we have [x1, y1]α ∈ P1 for all x1, y1 ∈ M. Accordingly , M/P1 is a 
commutativity. Hence in all cases M/P1 is a commutative integral domain.  

Theorem 2.2: Let M represents a Γ-ring, P1 is a prime ideal, D1 and D2 derivations of 
M. The following assertions are equivalent: 

(i) [D1(x1)o D2(y1)]α-(x1 oy1)α∈ P1, for all x1, y1 ∈ M and α ∈ Γ, 

(ii) [D1(x1), D2(y1)]α-(x1 oy1)α∈ P1, for all x1, y1 ∈ M and α ∈ Γ, 

(iii) M/P1 is a commutative integral domain and char(M/P1)=2. 

Proof: It is clear that (iii) implies both (i) and (ii). So we need to prove that (i) implies 
(iii) and (ii) implies (iii). (i) implies (iii) given that, 

[D1(x1)o D2(y1)]α-(x1 oy1)α∈ P1, for all x1, y1 ∈ M and α ∈ Γ.                                                    
(1.9) 

Substituting y1αr by y1 we arrive at, 

(D1(x1)o D2(y1)ααr+ y1αD2(r))α -(x1 oy1)ααr+ y1α[x1, r]α ∈ P1 .                                               
(1.10) 

This implies  

(D1(x1)o D2(y1))ααr-D2(y1)α[D1(x1), r]α+y1α(D1(x1)o D2(r))α+ [D1(x1), 

Y1]ααD2(r) -(x1 oy1)ααr+ y1α[x1, r]α ∈ P1, for all x1, y1 ∈ M and α ∈ Γ.                                                                                                                              
(1.11) 

Using equation (1.9) we obtain, 

-D2(y1)α[D1(x1), r]α+y1α(D1(x1)o D2(r))α+ [D1(x1), y1]ααD2(r)+ y1α[x1, r]α ∈ P1, for all x1, y1 

∈ M and α ∈ Γ.                 (1.12) 

Again we using (1.9) we have, 

-D2(y1)α[D1(x1), r]α+y1α(x1o r)α+ [D1(x1), y1]ααD2(r)+ y1α[x1, r]α ∈ P1, for all x1, y1 ∈ M 
and α ∈ Γ.                                (1.13) 

This implies, 

-D2(y1)α[D1(x1), r]α+2y1αx1αr+ [D1(x1), y1]ααD2(r)∈ P1, for all x1, y1 ∈ M and α ∈ Γ.                                                      
(1.14)     

Replace r by D1(x1) we get, 

2y1αx1αD1(x1)+ [D1(x1), y1]ααD2(D1(x1)) )∈ P1, for all x1, y1 ∈ M and α ∈ Γ.                                                                         
(1.15) 

Replacing y1 by rαy1 in previous equation we get, 

2 rαy1αx1αD1(x1) +rα[D(x1), y1]ααD2(D1(x1))+ [D(x1), r]ααy1α D2(D1(x1)) ∈  P1, 

 for all x1, y1, r ∈  M and α ∈ Γ.                           
(1.16) 

Using (1.4) we have,  
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[D(x1), r]ααy1α D2(D1(x1)) ∈  P1, for all x1, y1, r ∈  M and α ∈ Γ.                       
(1.17) 

This implies,  

[D(x1), r]αΓy1Γ D2(D1(x1)) ∈  P1, for all x1, y1, r ∈  M and α ∈ Γ.                       
(1.18) 

We know that P1 is a prime ideal we conclude that either [D(x1), r]α ∈  P1,  

for all x1, y1, r ϵ M and αϵΓ or D2(D1(M))⊆P1. In the first case using lemma 1  

can see that D1(M)⊆P1, or M/P1 is commutative integral domain. Now we assume that 
D2(D1(x1)) ∈  P1, substituting D1(y1) for y1 in (1.4) clearly obtain  

(x1oD(y1))α∈ P1, putt x1=zαx1, we have (zoD1(y1))ααx1+zα[x1, D1(y1)]α∈ P1. Using  

above equation we have zα[x1, D1(y1)]αϵP1 so zΓ[x1, D1(y1)]α⊆P1, in particularly we may 

write [x1, D1(y1)]αΓ[x1, D1(y1)]α⊆P1. Since P1 is a prime ideal so  

[x1, D1(y1)]α, suppose D1(M)⊆P1, then equation (1.4) reduce to (x1oy1)α∈ P1,  

for all x1, y1∈ M, α∈ Γ. We replace y1 by y1αr we find that (x1oy1αr)αϵP1, we  

have [x1, y1]α⊆P1, we conclude that [M, M]α⊆P1 so that M/P1 is commutative 

integral domain.  

Finally we claim that M/P1 is characteristics 2. Indeed, assume that M/P1 is 2-torision 
free. As we have already M/P1. As we have already proved that M/P1 is commutative 

then the hypothesis assures that D1(x1) αD2(y1)-x1αy1 ∈ P1, we replace y1 by y1αr, we 
get D1(x1)αrαD2(y1), for all x1, y1, r ∈ M and α ∈ Γ. Accordingly, D1(M)⊆P1 or D2(M)⊆P1. 
Once use 2-torsion freeness together with the equation (1.4), we find that x1αy1 ∈P1, 
for all x1, y1, r ∈ M and α ∈ Γ and thus P1=M, a contradiction. Consequently, M/P1 is 
integral domain with characteristics 2.  

(ii) implies (iii), suppose that, 

[D1(x1), D2(y1)]α-(x1 oy1)α∈ P1, for all x1, y1 ∈ M and α ∈ Γ.                                                               
(1.19) 

Put y1 in the place of y1αr, we arrive at, 

[D1(x1), D2(y1)αr]α+ )+ [D1(x1), y1αD2r]α -(x1 oy1αr)α ∈ P1, for all x1, y1 ∈ M and α ∈ Γ.            
(1.20) 

Using (1.5), we obtain,  

D2(y1)α[D1(x1), r]α+y1α(D1(x1), D2(r))α+ [D1(x1), y1]ααD2(r)+ y1α[x1, r]α ∈ P1, for all x1, y1 
∈ M and α ∈ Γ.                  (1.21) 

Again we use (1.5), we have,  

D2(y1)α[D1(x1), r]α+y1α(x1 oy1)α + [D1(x1), y1]ααD2(r)+ y1α[x1, r]α ∈ P1, for all x1, y1 ∈ M 

and α ∈ Γ.                          (1.22) 

We get, 



Jilin Daxue Xuebao (Gongxueban)/Journal of Jilin University (Engineering and Technology Edition) 

ISSN：1671-5497 

E-Publication：Online Open Access 

Vol: 41 Issue: 04-2022 
DOI 10.17605/OSF.IO/S3JVR 
 
 

April 2022 | 311  

 

D2(y1)α[D1(x1), r]α+2y1αx1αr+ [D1(x1), y1]ααD2(r)∈ P1, for all x1, y1 ∈ M and α ∈ Γ .                                                       
(1.23) 

Replace r by D1(x1) we obtain, 

2y1αx1αD1(x1) + [D1(x1), y1]α αD2(D1(x1))∈ P1, for all x1, y1 ∈ M and α ∈ Γ.                                                                        
(1.24) 

Substituting rαy1 for y1 and using the last equation one can verify that  

2 rαy1αx1αD1(x1) + rα[[D1(x1), y1]α αD2(D1(x1))+ [D1(x1), r]ααy1αD2(D1(x1)) ∈ P1, for all 
x1, y1 ∈ M and α ∈ Γ .           (1.25) 

We arrive at, 

[D1(x1), r]ααy1αD2(D1(x1)) ∈  P1, for all x1, y1 ∈ M and α ∈ Γ .                                                                                                  
(1.26)  

Replace y1 by r and r by y1 we have, 

[D1(x1), y1]ααrαD2(D1(x1)) ∈  P1, for all x1, y1 ∈ M and α ∈ Γ.                                                                                                 
(1.27) 

Since M be a prime ideal then [D1(x1), y1]α ∈  P1 or D2(D1(x1)) ∈  P1, for all x1, y1 ∈ M 
and α ∈ Γ. Using Brauer’s trick one can see that [D1(x1), y1]α ∈  P1 or D2(D1(x1)) ∈  P1, 

for all x1, y1 ∈ M and α ∈ Γ, in the first case we force to M/P1 is commutative or D1(x1) 
∈  P1. 

In which case the hypothesis implies that (x1 oy1)α∈ P1 and thus M/P1 is commutative. 
If D2D1(M)⊆ P1, using the hypothesis one can verify that x1oD1(y1). That is just the 
equation (1.5) then we may argue as before that M/P1 is commutative. Now assert that 
char(M/P1) ≠ 2, then (x1o y1)α implies that M=P1 a contradiction. Hence char(M/P1) = 
2.      
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